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2 A $\mathrm{B}$ –
Cahn-Hilliard . , 1
$\Omega=(a, b)$ . A $u=u(X, t)$ , Cahn-Hilliard
.
$\frac{\partial u}{\partial t}=\frac{\partial^{2}}{\partial x^{2}}(pu+ru^{3}+q\frac{\partial^{2}u}{\partial x^{2}})$ (1)
, $p,$ $q,$ $r$
$p<0,$ $q<0,$ $r>0$ (2)
, $u(x, t)$
$[ \frac{\partial u}{\partial x}]_{x=a,b}$ $=$ $0$ (3)
$[ \frac{\partial}{\partial x}(pu+ru^{3}+q\frac{\partial^{2}u}{\partial x^{2}})]x=a,b$ $=$ $0$ (4)
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, . $(a, b)$
$N$ , $\Delta x$
$\Delta x=\frac{b-a}{N}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ (5)
.
, $\Delta x$ , .
$s^{+}f(x)\equiv f(x+\Delta x)$ , $s^{-}f(x)\equiv f(x-\Delta x)$ (6)
, - ,
.
$\mu^{+}\equiv\frac{1}{2}(s^{+}+1)$ , $\mu^{--}$ $\equiv\frac{1}{2}(s^{-}+1)$ , $s^{(1)} \equiv\frac{1}{2}(S^{+}+S^{-})$ (7)
[ ]
, 1 $\delta^{+}$ $\delta^{-}$ .
$\delta^{+}f(x)=\frac{f(x+\Delta x)-f(x)}{\Delta x}$ (8)
$\delta^{-}f(x)=\frac{f(x)-f(x-\Delta X)}{\Delta x}$ (9)
, $\delta^{(1)}$ .
,L“ $\delta^{(1)}f(X)=\frac{f(x+\triangle x)-f(x-\Delta X)}{2\triangle x}$ (10)
2 .















$=$ $\frac{s^{+}-2+s^{-}}{(\Delta x)^{2}}$ ..
$\delta^{(3)}$




$=$ $. \cdot.\frac{s^{+3}-4_{S^{+2}}+5s^{+}-5s^{-}+.4S-2-S-3}{2(\Delta x)^{5}}.$,
$\delta^{(6)}$
$=$ $\frac{s^{+3}-6S^{++}+125_{S-2}0+15s^{-}-6_{S}-2+S^{-3}}{(\Delta x)^{6}}$






$x=a$ $\Delta x$ , $x_{k}=a+k\Delta x$ .
, $x=a+k\Delta X$ $f(x)$ .
$f_{k}\equiv f(a+k\Delta x)$ , $k=0,1,$ $\cdots,$ $N$ (14)
, , .
$\sum_{k=0}^{N}f_{k}\prime\prime\Delta X\equiv(^{\frac{1}{2}f\mathrm{o}+\sum^{1}\frac{1}{2}}kN_{-}\mathrm{I}=1fk+f_{N}\Delta x$ (15)


















$\sum_{k=0}fk\prime\prime(\delta^{+_{g}}k)\Delta X+\sum_{k=0}(\delta^{-f}k)_{\mathit{9}}k\Delta X=\prime\prime\frac{1}{2}[fk(s^{+}gk)+(S^{-}f_{k})g_{k}]_{0}^{N}$ (20)
, 1 2
$\int_{a}^{b}(^{\frac{d}{dx}f(X}))(\frac{d}{dx}g(x))d_{X}+\int_{a}^{b}(\frac{d^{2}}{dx^{2}}f(x))g(X)dX=(^{\frac{d}{dx}f(X}))g(x)|^{b}a$ (21)
. , (12), (13)
, . , (21)
$N$ $N$
$\sum_{k=0}(\delta^{(}1))uk(\delta(1)v_{k})\prime\prime+\sum_{k=0}(\delta^{()}2u_{k})v_{k}\Delta x=\prime\prime$
. 1 2 ,
.
$\sum_{k=0}^{N}\prime\prime.\frac{(\delta^{+}u_{k})(\delta^{+}vk)+(\delta-u_{k})(\delta^{-}v_{k})}{2}\Delta x+\sum_{k=0}^{N}\prime\prime(\delta^{()}2u_{k})v_{k}\Delta x$



















1 , $x$ , $x\in\Omega=(a, b)$
1 $0$ 1 $l$ 1












. , (3), (4), 2 .
$[ \frac{\partial u}{\partial x}]_{x=a,b}=0$ (29)
$[ \frac{\partial}{\partial x}(\frac{\delta G}{\delta u})]_{x=}a,b=0$ (30)
(27), (28) , .
$\int_{a}^{b}\{G(u+\delta u)-G(u)\}dX=\int_{a}^{b}\{\frac{1}{2}p((u+\delta u)^{2}-u^{2})+\frac{1}{4}r((u+\delta u)^{4}-u^{4})$
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$- \frac{1}{2}q((\frac{\partial(u+\delta u)}{\partial x})^{2}-(\frac{\partial u}{\partial x})^{2}\mathrm{I}\mathrm{I}^{dx}$
$\simeq$ $\int_{a}^{b}\{(pu+ru^{3})\delta u-q\frac{\partial u}{\partial x}\frac{\partial(\delta u)}{\partial x}\}dx$
$=$ $\int_{a}^{b}\{pu+ru^{3}+q\frac{\partial^{2}u}{\partial x^{2}}\}\delta ud_{X}-q\frac{\partial u}{\partial x}\delta u|_{a}^{b}=\int_{a}^{b}(\frac{\delta G}{\delta u})\delta udX$ (31)
, , (26) Euler-Lagrange
$\frac{\delta G}{\delta u}=0$ (32)
(28) $\text{ }\frac{\delta G}{\delta u}$ , .
[Cahn-Hilliard ].
, , $\Omega=(a, b)$ , (29),
(30) $\sigma\supset \text{ ^{}arrow}\circ$
$\frac{\partial u}{\partial t}=\frac{\partial^{2}}{\partial x^{2}}(\frac{\delta G}{\delta u})$ (33)
. , (28) , Cahn-HHHilliard




$(a, b),$ $b=a+N\Delta x$ , $x=a+k\triangle x,$ $(k=0,1, \ldots, N)$ $u$ $U_{k}$
. , (25)
.
$G_{d}(U_{k}) \equiv\frac{1}{2}pU_{k}^{2}+\frac{1}{4}rU_{k}^{4}-\frac{1}{2}q\frac{(\delta^{+}Uk)^{2}+(\delta^{-}U_{k})^{2}}{2}$ , $p<0,$ $q<0,$ $r>0$ (35)
. (24) .
1 , $u$ $u+\delta u$ , $G(u+\delta u)$ $G(u)$ (27)
. , 1 , $u+\delta u$ $u$ ,
$U_{k}$ , .
$N$ ! $N$
$\sum_{k=0}\{c_{d}(\prime\prime U_{k})-^{c}d(V_{k})\}\Delta X=\sum_{k=0}\prime\prime(\frac{\delta G_{d}}{\delta U_{k}})(U_{k}-V_{k})\Delta X$ (36)
, , ,
$\frac{\delta G_{d}}{\delta U_{k}}\equiv p\frac{U_{k}+V_{k}}{2}+r\frac{U_{kkkk}^{3}+U^{2}V_{k}+U_{k}V23+V}{4}+\frac{1}{2}q\delta^{()}2\frac{U_{k}+V_{k}}{2}$ (37)
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. $\frac{\delta G_{d}}{\delta U_{k}}$ $U_{k}$ $V_{k}$ .
, (29), (30) , .
$\delta^{(1)}U_{k}=0$ , $k=0,$ $N$ (38)
$\delta^{(1)}(\frac{\delta G_{d}}{\delta U_{k}})=0$ , $k=0,$$N-$ . (39)




















$U_{k},$ $V_{k}$ (38) (37), (36) .







$\frac{\delta G_{d}}{\delta U_{k}}=\frac{F(U_{k})-F(V_{k})}{U_{k}-V_{k}}+\frac{1}{2}q\delta^{(2)}(Uk+Vk)$ (43)
.




, Cahn-Hilliard . ,
$\Delta t$ , $t=m\Delta t$, $x=a+k\Delta x$ $u(x, t)$ $U_{k}^{(m)}$
. , $\#\not\equiv \text{ ^{}\ovalbox{\tt\small REJECT}\backslash },\eta\frac{\partial u}{\partial t}$
$\frac{U_{k}^{(m+1)}-U_{k}(m)}{\Delta t}$ (44)
, (34) , $\text{ }\frac{\delta G}{\delta u}$ (37) . $\Omega=(a, b),$ $b=$
$a+N\Delta x$ , (38), (39) Cahn-Hilliard .
$\frac{U_{kk}^{()}m+1-U(m)}{\Delta t}=\delta^{(2)}(\frac{\delta G_{d}}{\delta U_{k}})$ (45)
$\frac{\delta G_{d}}{\delta U_{k}}$ , (37) $U_{k}$ $U_{k}^{(mm+l)}m$ , $V_{k}$ $U_{k}^{(m)}$ ,
$\frac{\delta G_{d}}{\delta U_{k}}$ $=$ $\frac{1}{2}p(U^{(m+1}+kU))k(m)$
$+ \frac{1}{4}r(U^{(m+1)3}k+U_{kk}^{(m+1)2}U(m)+U_{k}U(m+1)(m)k2+U_{k}^{(m)3})$
$+ \frac{1}{2}q\delta^{(2)}(U^{(m}+U)k.k+1)(m)$ (46)
. (45) , , $m=0$ m $=$
$1$ , 2, 3, $\cdots$ .
[ ]
, ,
. , (26) $t$ ,
.
$\frac{d}{dt}\int_{a}^{b}G(u)dx$ $=$ $\int_{a}^{b}\frac{\delta G}{\delta u}\frac{\partial u}{\partial t}d_{X=}\int_{a}^{b}\frac{\delta G}{\delta u}\frac{\partial^{2}}{\partial x^{2}}(\frac{\delta G}{\delta u})dx$
$=$ $[ \frac{\delta G}{\delta u}\frac{\partial}{\partial x}\frac{\delta G}{\delta u}]^{b}a-\int_{a}^{b}(\frac{\partial}{\partial x}\frac{\delta G}{\delta u})^{2}dx=-\int_{a}^{b}(\frac{\partial}{\partial x}\frac{\delta G}{\delta u})^{2}d_{X\leq 0}$ (47)
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, . ,




$=$ $\sum_{k=0}\prime\prime(\frac{\delta G_{d}}{\delta U_{k}}).\frac{U_{k}^{\backslash \prime\prime\iota\tau}\perp_{J}-U_{k^{\backslash J}}r\prime\iota}{\Delta t}.\Delta x=\sum_{k=0}\prime\prime(\frac{\delta G_{d}}{\delta U_{k}})\delta^{(2)}(\frac{\delta G_{d}}{\delta U_{k}})\Delta x$
$=$ $- \sum_{k=0}’’N\frac{1}{2}\{(\delta^{+}(\frac{\delta G_{d}}{\delta U_{k}}))+2(\delta^{-}(\frac{\delta G_{d}}{\delta U_{k}}))^{2}\}\Delta x$
$+[ \delta^{(1)}(\frac{\delta G_{d}}{\delta U_{k}})\mu^{(1)}(\frac{\delta G_{d}}{\delta U_{k}})]_{0}N$
(39) $0$





. 1 (36) . , $G_{d}(u)$ ,
$\text{ }\frac{\delta G_{d}}{\delta U_{k}}$ ,
(45) .
[ ]







$. \frac{U^{(m+1)}-kUk(m)}{\triangle t}=\delta^{(2)}(\frac{\delta G_{d}}{\delta U_{k}})$ , $\frac{\delta G_{d}}{\delta U_{k}}=\frac{U_{k}^{(m+1)}+U_{k}(m)}{2}$ , (53)
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$\frac{U_{k}^{(m+1)}-U_{k}(m)}{\Delta t}=\frac{1}{2}[\frac{U_{k+1}^{(m+)(}1-2Um+1)+kkU(m_{1}+1)-}{(\Delta x)^{2}}+\frac{U_{k+kk-1}^{()(}m_{1}-2Um)(m)+U}{(\Delta x)^{2}}]$ (54)
. Cramk-Nicholson .
, (49)
$[ \delta^{(1)}(\frac{\delta G_{d}}{\delta U_{k}}\mathrm{I}^{s}(1)(\frac{\delta G_{d}}{\delta U_{k}})]^{N}0=0$ (55)
, Dirichlet
$sU_{k}(1)(m)=0,$ $k=0,$ $N$ (56)
Neumann
$\delta^{(1)}U^{()}=\mathrm{o}km,$ $k=0,$ $N$ (57)
(55) .
, ,




$\text{ _{}\mathrm{t}}\succeq$ . ,
.




$\frac{\delta G_{d}}{\delta U_{k}}=\frac{U_{k}+V_{k}}{2}$ (61)
. , (33) 2 1 ,
$\frac{\partial u}{\partial t}=\frac{\partial}{\partial x}(\frac{\delta G}{\delta u})$ (62)
.
$\frac{U_{k}^{(m+1)}-U_{k}(m)}{\Delta t}=\delta^{(1)}(\frac{\delta G_{d}}{\delta U_{k}})$ (63)
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,.
$\frac{1}{2}[(\frac{\delta G_{d}}{\delta U_{k}})s^{(1)}(\frac{\delta G_{d}}{\delta U_{k}})]_{0}^{N}=0$ (64)
(61) ,
$\frac{U_{k}^{(m+1)}-U_{k}(m)}{\Delta t}=\frac{1}{2}[\frac{U_{k1}^{()(1)}m+1+-Uk-m+1}{2\Delta x}+\frac{U_{k1}^{(m}-+k-U^{(m)}1)}{2\Delta x}]$ $.(65)$
. ,






$=$ $\sum_{k=0}\prime\prime(\frac{\delta G_{d}}{\delta U_{k}}).\frac{U^{1’’}\iota\urcorner^{-}\perp_{J}-U^{(}kk\prime\prime\iota_{J}}{\Delta t}.\Delta x$
$=$ $\sum_{k=0}\prime\prime(\frac{\delta G_{d}}{\delta U_{k}})\delta(1)(\frac{\delta G_{d}}{\delta U_{k}})\Delta x=\frac{1}{2}[(\frac{\delta G_{d}}{\delta U_{k}}\mathrm{I}^{S}(1)(\frac{\delta G_{d}}{\delta U_{k}})]_{0}\mathrm{J}\mathrm{v}$ (68)
(64) $0$ , (67) .
[$\mathrm{K}\mathrm{d}\mathrm{V}$ ]
– , $\mathrm{K}\mathrm{d}\mathrm{V}$
$\frac{\partial u}{\partial t}=u\frac{\partial u}{\partial x}+\frac{\partial^{3}u}{\partial x^{3}}$ (69)
. $\mathrm{K}\mathrm{d}\mathrm{V}$





$\sum_{k=0}\{cd(Uk)-Gd(V_{k})\prime\prime\}\Delta X=\sum_{k=0}\prime\prime(\frac{\delta G_{d}}{\delta U_{k}})(U_{k}-V_{k})\Delta x$ (72)
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$\frac{\delta G_{d}}{\delta U_{k}}$ ,
$\frac{\delta G_{d}}{\delta U_{k}}=\frac{U_{k}^{2}+U_{k}V_{k}+V_{k}2}{6}+\delta^{(2})_{\frac{U_{k}+V_{k}}{2}}$ (73)
. , . , (73) (63) ,
$\mathrm{K}\mathrm{d}\mathrm{V}$ .
$\frac{U_{k}^{(m+1)}-U_{k}(m)}{\Delta t}$
$=$ $\delta^{(1)}(\frac{\delta G_{d}}{\delta U_{k}})$ :
, . (74)
.




$\frac{1}{\Delta t}\sum_{k=0}..\{G_{d}(U_{k}m+1))(-Gd(U^{(m)}k)\}\Delta x=0$ (76)
, (18) .
$=$
$\sum_{k=0}’’N(\frac{\delta G_{d}}{\delta U_{k}})\frac{U_{k}^{(m+1)}-U_{k}(m)}{\Delta t}\Delta x=\sum_{k=0}’’N(\frac{\delta G_{d}}{\delta U_{k}})\delta^{(1)}(\frac{\delta G_{d}}{\delta U_{k}})\Delta x$
$=$ $0$ ( ) (77)
.
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